The element splitting operation on a graphic matroid, in general may not yield a cographic matroid. In this paper, we give a necessary and sufficient condition for the graphic matroid to yield cographic matroid under the element splitting operation.
Introduction
Fleischner [5] introduced the idea of splitting a vertex of degree at least three in a connected graph and used the operation to characterize Eulerian graphs. Raghunathan, Shikare and Waphare [10] extended the splitting operation from graphs to binary matroids. M x,y denotes the splitting matroid obtained by applying splitting operation on a binary matroid M, by a pair of elements {x, y} of M.
Slater [13] specified the n-point splitting operation on a graph in the following way:
Let G be a graph and u be a vertex of degree at least 2n − 2 in G. Let H be the graph obtained from G by replacing u by two adjacent vertices u 1 , u 2 such that each point formerly joined to u is joined to exactly one of u 1 and u 2 so that in H, deg(u 1 ) ≥ n and deg(u 2 ) ≥ n. We say that H arises from G by n-element splitting operation. If X = {x 1 , x 2 , ...x k } be the set of edges incident at u 1 then we denote H by G ′ X . Tutte [15] characterized 3-connected graphs in terms of edge addition and 3-point splitting. Slater [13] obtained the following two useful results in this regard. Theorem 1.1. The class of 2-connected graphs is the class of graphs obtained from K 3 by finite sequence of edge addition and 2-element splitting. Theorem 1.2. If G is n-connected and H arise from G by n-element splitting, then H is n-connected.
Further, he classified 4-connected graphs using n-element splitting operation (see [13] ).
Shikare and Azadi [12, 1] extended the notion of n-point splitting operation on graphs to binary matroids as follows. Definition 1.3. Let M be a binary matroid on a set E and A be a matrix over GF (2) that represents the matroid M. Suppose that X is a subset of E(M). Let A ′ X be the matrix that is obtained by adjoining an extra row to A with this row being zero everywhere except in the columns corresponding to the elements of X where it takes the value 1 and then adjoining an extra column (corresponding to a) with this column being zero everywhere except in the last row where it takes the value 1. Suppose M We call matroid M ′ X as the element splitting matroid. If |X| = 2 and X = {x, y}. We denote the matroid M ′ X by M ′ x,y . Azadi [1] , characterized circuits of the element splitting matroid in terms of circuits of the binary matroids as follows. Proposition 1.4. Let M(E, C) be a binary matroid together with the collection of circuits C. Suppose X ⊆ E and a / ∈ E. Then M
C 0 = {C ∈ C | C contains an even number of elements of X };
and each of C 1 and C 2 contains an odd number of elements of X such that C 1 ∪ C 2 contains no member of C 0 }; C 2 = {C ∪ {a} | C ∈ C and C contains an odd number of elements of X };
Various properties concerning the element splitting matroids have been studied in [1, 6, 12] .
The element splitting operation on a graphic (cographic) matroid may not yield a graphic (cographic) matroid.
Dalvi, Borse and Shikare [3, 4] characterized graphic (cographic) matroids whose element splitting matroids are graphic (cographic) when |X| = 2. In fact, they proved the following result. Theorem 1.5. The element splitting operation, by any pair of elements, on a graphic (cographic) matroid yields a graphic (cographic) matroid if and only if it has no minor isomorphic to M(K 4 ), where K 4 is the complete graph on 4 vertices.
In this paper, we obtain a forbidden-minor characterization for graphic matroids whose element splitting matroid is cographic when |X| = 2. The main result in this paper is the following theorem. Theorem 1.6. The element splitting operation, by any pair of elements, on a graphic matroid yields a cographic matroid if and only if it has no minor isomorphic to M(K 4 ), where K 4 is the complete graph on 4 vertices.
Properties of Element Splitting Operation
In this section, we provide necessary Lemmas which are used in the proof of Theorem 1.6. Dalvi, Borse and Shikare [3] proved the following useful Lemma.
Lemma 2.1. Let x and y be distinct elements of a binary matroid M and let r(M) denote the rank of M. Then, using the notations introduced in Section 1, The following two results are well known minor based characterizations of graphic and cographic matroids (see [9] 
Notation. For the sake of convenience, let
In the following Lemma, we provide a necessary condition for a graphic matroid whose element splitting matroid is not cographic. 
Proof. Suppose that M ′ x,y is not cographic and M has no minor isomorphic
can not be the minors of
Hence F is a minor of M x,y . It follows from Theorem 2.3 of [11] that N does not contain a 2-cocircuit and further,
In the first case, a forms a 2-cocircuit with x or y which ever is remained, and in the later case, a is a coloop, both are contradictions.
If Q ∩ {x, y} = φ, then it is retained in all these cases and thus F has a 2-cocircuit, which is a contradiction. If Q = {x, y}, a contradiction follows from Lemma 2.1(v). Hence Q contains exactly one of x and y. Suppose that
Definition 2.5. Let M be a graphic matroid in which no two elements are in series and let F ∈ F . We say that M is minimal with respect to F and the element splitting operation if there exist two elements x and y of M such that 
interchange roles of x and y.
Conversely, suppose that M has a minor N isomorphic to a minimal matroid with respect to some
x,y has a minor isomorphic to F and hence it is not cographic.
In the following Lemma, we prove some basic properties of graphic minimal matroids.
Lemma 2.7. Let M be a graphic matroid. If M is minimal with respect to some F ∈ F , then (i) M has neither loops nor coloops; (ii) every pair of parallel elements of M must contain either x or y; (iii) x and y cannot be parallel in M;
then M is simple, and there is no odd circuit of M containing both x and y, and also there is no even circuit of M containing precisely one of x and y; A matroid is said to be Eulerian if its ground set can be expressed as a union of circuits [16] .
Lemma 2.9.
[11] Suppose x and y are non adjacent edges of a graph G and M = M(G). If M x,y /{x, y} is Eulerian, then either G is Eulerian or the end vertices of x and y are precisely the vertices of odd degree.
A Forbidden-Minor Characterization for the Class of Cographic Matroids which yield the Graphic Element-Splitting Matroids
In this section, we obtain the minimal cographic matroids corresponding to each of the four matroids F 7 , F * 7 , M(K 3,3 ) and M(K 5 ) and use them to give a proof of Theorem 1.6.
The minimal graphic matroids corresponding to the matroid F 7 and F * 7
are characterized by Shikare and Dalvi [3] in the following Lemma 3.1 and Lemma 3.2
Lemma 3.1. Let M be a graphic matroid. Then M is minimal with respect to the matroid F 7 if and only if M is isomorphic to one of the cycle matroids 
In the following Lemma, the minimal matroids corresponding to the matroid M(K 3,3 ) are characterized. 3 ) and further, no two elements of M are in series.
By Lemmas 2.8, 2.9 and 2.7, M x,y /{x} ∼ = M(K 3,3 ). Since r(M x,y /{x}) = r(M(K 3,3 ) = 5. M x,y is a matroid of rank 6 and |E(M)| = 10. In the light of the Lemma 2.1(iii), the matroid M has rank 5 and its ground set has 10 elements. Let G be a connected graph corresponding to M.Then G has 6 vertices, 10 edges, and has no vertex of degree 2. Hence, by Lemma 2.7, G has minimum degree at least 3 since no two elements are in series.Thus the degree sequence of G is (5,3,3,3,3,3,3) or (4,4,3,3,3,3) . By Harary [[7] , p 223], each simple connected graph with these degree sequences is isomorphic to one of the graphs of Figure 5 below. Figure 5 By the nature of the circuits of M(K 3,3 ) or M x,y and by Lemma 2.7, it follows that G can not have, (i) two or more edge disjoint triangles, (ii) a circuit of size 3 or 4 or 6 containing both x and y. Since each of the graphs (i), (ii) and (iii) of Figure 5 contains two or more edge disjoint triangles, we discard them.The graph (iv) of Figure 5 , is isomorphic to the graph G 6 in the statement of the Lemma. Suppose G is a multigraph. Then by Lemma 3.3 of [2] , G is isomorphic to G 7 or G 8 of Figure 4 .
Hence r(M) = 6 and |E(M)| = 11. Let G be connected graph corresponding to M. Then G has 7 vertices, 11 edges and has minimum degree at least 3. Therefore the degree sequence of G is (4,3,3,3,3,3,3) . It follows from Lemma 2.7 that G can not have (i) more than two edge disjoint triangles; (ii) a cycle of size other than 6 which contains both x and y; and (iii) a triangle and a 2-circuit which are edge disjoint. Then, by case (ii) of Lemma 3.3 of [2] , G is isomorphic to G 9 of Figure 4 .
Since r(M(K 3,3 )) = 5 and |E(M (K 3,3 ) )| = 9, r(M) = 4 and |E(M)| = 8. Therefore M cannot have M(K 3,3 ) and M(K 5 ) as a minor. We conclude that M is cographic. Let G be a graph which corresponds to the matroid M. Then G has 5 vertices and 8 edges. As M is graphic and cographic, G is planar. By Lemma 2.7(iv), G is simple. Since M has no coloop and no two elements are in series, minimum degree in G is at least 3. There is only one non-isomorphic simple graph with 5 vertices and 8 edges [7] , see Figure 6 . Thus, G is isomorphic to this graph, which is nothing but the graph G 10 of Figure 4 .
As in the above cases, considering the rank of M(K 3,3 ) we have r(M) = 5 and |E(M)| = 9. If M is not cographic then M has minor a isomorphic to
. Now x, y ∈ M and since M is isomorphic to M (K 3,3 ), x, y lie in a 4-circuit say C but then C − {x} is a triangle in M [7] ). If a triangle of G contains neither x nor y then it is preserved in M ′ x,y /{x}, a contradiction. Hence x belongs to a triangle of G. This gives rise to a 4-circuit in M ′ x,y containing x and a. Hence, we get a 3-circuit in M ′ x,y /{x}, a contradiction. Thus M is not isomorphic to the graph in Figure 7 .
Then r(M) = 6 and |E(M)| = 10. If M is not cographic then, M has minor isomorphic to M(K 3,3 ) or M(K 5 ). Suppose M has a minor isomorphic to M (K 3,3 ) then, since M is graphic, M must be the graph in Figure 8 (see [7] 
Figure 8
Any two edges in the graph of Figure 8 are in a 4-cycle or in a 5-cycle so are x and y also. Then these circuits ( cycles in G ) will be preserved in M ′ x,y and hence a 2-circuit or a triangle is formed in 3 ) is a simple bipartite matroid. Thus M has no minor isomorphic to M (K 3,3 ). Suppose that M has a minor isomorphic to M(K 5 ) but then |E(M)| = 10, hence M = M(K 5 ). Consequently r(M) = 4 and this is a contradiction to the fact that r(M) = 6. Thus M does not have a minor isomorphic to M(K 5 ). Thus M is cographic. We conclude that M is graphic as well as cographic. Suppose G is a graph corresponding to M, then G has 7 vertices and 10 edges. This implies that G has at least one vertex of degree 2, which is a contradiction to the fact that M has no 2-cocircuit. Therefore, the situation M ′ x,y /{x, y} ∼ = M(K 3,3 ) does not occur.
Finally, we characterize minimal matroids corresponding to the matroid M(K 5 ) in the following Lemma. 
Figure 9
Proof. We have 
. Hence, by Lemma 3.4, Chapter 4 of [?], M is isomorphic to the cycle matroid M(G 11 ), where G 11 is the graph of Figure 9 .
. Then r(M(K 5 )) = 4, r(M x,y ) = 6 and |E(M)| = 12. Let G be a connected graph corresponding to M.Then G has 6 vertices, 12 edges and has minimum degree at least 3. Suppose that G is simple. By Lemma 3.4 of [2] , there are 5 non isomorphic simple graphs each with 6 vertices and 12 edges, out of which, two graphs are discarded in case (ii) of Lemma 3.4 of [2] . So, only three graphs are remaining and these graphs are not planar. These graphs are given in Figure 10 . Figure 10 In graph (i) of Figure 10 , not every odd cocircuit of M contains x or y, a contradiction to the fact that if M(G) x,y /{x, y} ∼ = M(K 5 ), then every odd cocircuit contain x or y otherwise if both of them are absent then that odd cocircuit of M is the odd cocircuit in M(G) x,y /{x, y} ∼ = M(K 5 ). Consequently M(G) x,y /{x, y}( ∼ = M(K 5 )) becomes non Eulerian. In each of the graphs (ii) and (iii) of Figure 10 , x and y together belong to a 3-cycle or a 4-cycle, a contradiction to Lemma 2.8 Suppose that G is not simple. Then, by Lemma 2.8 (iv), G has exactly one pair of parallel edges. Then G can be obtained from a simple graph on 6 vertices and 11 edges by adding a parallel edge. Figure 11 (viii)
There are 8 non isomorphic connected simple graphs, each with 6 vertices and 11 edges ( [7] pp. 223) as shown in Figure 11 . It follows that by Lemma 2.8(i) and (iv) and Lemma 2.9 t hat G can not be obtained from the graphs (ii), (iii) and (vii) of Figure 11 . Suppose that G is obtained from the graphs (i) or (iv). Then G is isomorphic to one of the four graphs of Figure 12 . By Lemma 2.8, G is not isomorphic to each of the two graphs (i) and (ii) of Figure 12 . Hence G is isomorphic to graphs (iii) and (iv) of Figure 12 , which are nothing but the graphs G 12 and G 13 of Figure 9 . Figure 12 By Lemma 2.8, G can not be obtained from graph (v) of Figure 11 . Suppose that G is obtained from graph (viii) of Figure 11 . Then G is isomorphic to one of the two graphs of Figure 13 . By Lemma 2.8 (iv) and 2.9, G is not isomorphic to graph (i) of Figure 13 . By Lemma 2.8 (ii) and (iv) and the fact that M(K 5 ) does not contain odd cocircuit, G can not be isomorphic to the graph (ii) of Figure 13 . Suppose that G is obtained from graph (vi) of Figure 11 . Then G is isomorphic to one of the two graphs G 14 and G 15 of Figure 9 Suppose that M has a minor isomorphic to M (K 3,3 ). Let G be the connected graph corresponding to M. Then G is the graph with 6 vertices and 11 edges. By Lemma 2.7 (vii), G has to be simple. Consequently, G is isomorphic to one of the following two graphs in Figure 15 (see Harary [7] ). In the graph (i) of Figure 15 , any two edges are either in a 3-cycle or a 4-cycle. The elements x and y can not be in a 3-circuit or a 4-circuit because such circuit becomes a loop or a 2-circuit in M 
Figure 16
Observe that the graph of Figure 16 , contains a vertex of degree 2 i.e. there is a 2-cocircuit in M. This is a contradiction to the fact that M does not have any pair of elements in series (i.e. 2-cocircuit). Hence M has no minor isomorphic to M(K 5 ). Thus M is cographic. Consequently, G is the planar graph with 6 vertices and 11 edges and has minimum degree at least 3. By Lemma 2.7 (vii), G is simple.
There are in all 9 non-isomorphic simple graphs with 6 vertices and 11
